Euler related results on the sum of the ratio of harmonic numbers and cubed binomial coefficients are investigated in this paper. Integral and closed-form representation of sums are developed in terms of zeta and polygamma functions. The given representations are new.
Introduction
The well-known Riemann zeta function is defined as ζ z ∞ r 1 1 r z , Re z > 1.
1.1
The generalized harmonic numbers of order α are given by 
there is also a recurrence formula
which shows that in particular, for n 2, 5ζ 4 2 ζ 2 2 and more generally that ζ 2n is a rational multiple of ζ n 2 . Another elegant recursion known to Euler 3 is
Further work in the summation of harmonic numbers and binomial coefficients has also been done by Flajolet and Salvy 4 and Basu 5 . In this paper it is intended to add, in a small way, some results related to 1.7 and to extend the result of Cloitre, as reported in 6 , 
Integral Representations and Identities
The following Lemma, given by Sofo 11 , is stated without proof and deals with the derivative of a reciprocal binomial coefficient. be an analytic function of z. Then,
for z 0 and a 1. 
2.2
Proof. Expand 
In the following three corollaries we encounter harmonic numbers at possible rational values of the argument, of the form H α r/b −1 where r 1, 2, 3, . . . , k, α 1, 2, 3 , . . ., and k ∈ AE.
The polygamma function ψ α z is defined as
To evaluate H α r/b −1
we have available a relation in terms of the polygamma function ψ α z , for rational arguments z,
where ζ z is the Riemann zeta function. We also define 
2.15
Now, by interchanging sums, we have 
2.17
here we have used the result from 18 n≥1 ψ n n bn r
Now using 2.7 and 2.8 , we may write 
2.20
Substituting 2.19 , 2.20 into 2.16 where XR k and Y R k are given by 2.12 and 2.13 , respectively, on simplifying the identity 2.11 is realized.
For k 1 and b 1 the following identity is valid:
2.22
Proof. The proof of this theorem is very similar to that of Theorem 2.2 and will not be given here. 
